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We summarize recent work, in which we consider scattering amplitudes of non-critical 
strings in the limit where the energy of all external states is large compared to the 
string tension. We show that the high energy limit is dominated by a saddle point 
that can be mapped onto an electrostatic equilibrium configuration of an assembly of 
charges associated with the external states, together with a density of charges arising 
from the Liouville field. The Liouville charges accumulate on line segments, which pro- 
duce quadratic branch cuts on the worldsheet. The electrostatics problem is solved for 
string tree level in terms of hyperelliptic integrals and is given explicitly for the 3- and 
4-point functions. For generic values of the central charge, the high energy limit behaves 
in a string-like fashion, with exponential energy dependence. 

1. Introduction 

In this lecture, we shall summarize our recent work^ on the high energy behavior 
of non-critical bosonic strings. Detailed derivations, as well as extended references 
to the literature, may be found in [1]. 

While critical string theory is the prime candidate for a unified theory of matter 
and gravity, non-critical string theory may be of most interest precisely there where 
gravity is of no concern. Examples of this situation arise in statistical mechanics 
systems on random lattices, in Polyakov's mapping of the three dimensional Ising 
model onto a three dimensional fermionic string, and perhaps even in string type 
reformulations of Quantum Chromodynamics. All of these physical systems admit 
some reformulation in terms of non-critical string theory. 

Much has been accomplished in the study of non-critical string theory (for re- 
views on the subject, see e.g. [2]). Our understanding of non-critical string theory 
to date is particularly advanced for bosonic models with rational central charge 
c < 1. The mapping between discretized random surfaces and random matrices 
combined with the double scaling limit produces exact results for the correlation 
functions to all orders in perturbation theory. 

Surprisingly, it has turned out to be very difficult to reproduce, with the help 
of the Liouville approach to non-critical string theory, even the simplest results 
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2 High Energy Scattering of Non- Critical Strings 

obtained via matrix models. For example, the evaluation of scattering amplitudes 
to tree level presents serious obstacles, which have not, in general, been overcome to 
date. Despite these obstacles, the Liouville approach to non-critical string theory 
is of great value. This is especially so since a direct reformulation of fermionic non- 
critical strings in terms of matrix models is not available, while the generalization 
from the bosonic to the fermionic string is essentially straightforward within the 
Liouville approach. Also, the applicability of the matrix model approach seems to 
be limited to c < 1 while the Liouville approach again allows for a passage into 
the c > 1 domain. One of the most basic obstacles to reaching beyond the c = 1 
barrier (within the Liouville field theory approach), is the appearance of conformal 
primary fields with complex weights, and thus of string states with complex masses. 
In a series of ingenious papers [3] , it was proposed that the string spectrum may be 
restricted to a subset of "physical states", that have real conformal weights only. 
This restriction appears to be possible only provided space-time dimension assumes 
certain special values : 1, 7, 13 and 19 for the bosonic string, and 1, 3, 5 and 7 for 
the fermionic string. 

In our work,^ we developed calculational methods that allow for an evaluation 
of scattering amplitudes in non-critical string theory. We proposed an evaluation 
of non-critical string amplitudes for any complex c, in the limit where the energies 
of incoming and outgoing string states are all large compared to the (square root of 
the) string tension. We showed that the Liouville approach lends itself naturally to 
taking the high energy limit, where the integral representations for the amplitudes 
become tractable, for any complex value of c. To string tree level, we succeed in 
producing explicit formulas for the limit in terms of hyper-elliptic integrals. We 
shall not, at this stage, perform any truncation on the spectrum of states in the 
non-critical string theory. Thus, our results are applicable to non-critical string 
theories in general, including those in which the Liouville field is reinterpreted as 
an extra dimension of space-time. 

For string theory in the critical dimension, the high energy limit of scattering 
amplitudes is dominated by a saddle point in the positions of the vertex operators 
for external string states, as well as in the moduli of the surface. This problem 
is equivalent to finding the equilibrium configuration of an array of electrostatic 
Minkowskian charges (attached to the vertex operators) on a surface of variable 
shape. In a series of beautiful papers'*, it was shown how the saddle point can be 
constructed by symmetry arguments, for the four point function, to any order in 
perturbation theory. 

For non-critical string theory, the high energy limit is still dominated by a saddle 
point, which is equivalent to the equilibrium configuration of an array of (complex) 
charges on a surface of variable shape. In addition to the charges from the external 
vertex operators, we now also have charges from the Liouville exponential operator. 
In fact, the number of Liouville charges on the surface increases linearly with energy 
and, in the limit of large energy, accumulate onto a continuous charge density. We 
shall show that this Liouville charge density consists of line segments, producing 
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quadratic branch cuts on the worldsheet. 

We shall solve explicitly the equivalent electrostatics problem for a worldsheet 
with the topology of a sphere (tree level) in terms of hyper-elliptic functions, and use 
it to deduce the high energy limit of tree level scattering amplitudes. The solution 
in this limit is valid for any complex value of the matter central charge c, and we 
use analytic continuation to define the non-critical string amplitudes throughout 
the complex c plane. For higher genus topologies, the solution involves quadratic 
branch cuts of higher genus surfaces, but we shall postpone a full derivation of this 
case to a later publication. 

The main physical result is that, at least for generic values of the matter central 
charge c, the non-critical amplitudes behave in a string like fashion, with exponential 
dependence on the energy scale, in the limit of high energy. While it is logically 
possible that this generic exponential behavior could be absent (and replaced by 
power-like behavior) at isolated points in the complex c plane, we believe that this 
is unlikely to occur in the region 1 < c < 25. It is thus unlikely that the non-critical 
string theories in this region ever become "quantum field theories" . 

Much work remains to be done: Our method for obtaining the correlation func- 
tions generalizes to loop amplitudes in non-critical string theory. In this case, the 
problem reduces to a two dimensional electrostatics problem on double coverings 
of higher genus Riemann surfaces. Also, the continuum approach naturally extends 
to the supersymmetric case. Perhaps more importantly, the correlation functions 
may be used to analyze the physics of non-critical string theories. Given the diverse 
applications of non-critical string theory, this is of great interest. These points are 
currently under investigation. 

2. Liouville Field Theory Approach to Non-Critical Strings 

The basic ingredients in the Liouville field theory formulation of bosonic non-critical 
string theory are as follows. The starting point is a "matter" conformal field theory, 
with central charge c, and fields x^{z), /i = 1. ■ ■ ■ ,c, describing Poincare invariant 
string dynamics in a c-dimensional space-time. 

The above conformal field theory is coupled to a quantized worldsheet metric g, 
which, in conformal gauge, decomposes into the Liouville field <j){z) and a fiducial 
metric g{mj) that only depends on the moduli of the Riemann surface S, with 
g = gex.p{2^}. The action for the Liouville field is 



Here R§ is the Gaussian curvature of the metric g, and the coupling constants k 
and a are given in terms of the matter central charge c as follows = 25 — c. The 
gravitationally dressed vertex operators may be obtained as follows 
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Here, P is a polynomial in the derivatives of x^^ of degree A, so that (5 = A + ifc^. 
For simplicity, we shall assume that P is independent of (j). The coupling constant 
a is given by a = /3(0), and the analytic continuation in c and in the external 
momentum dictates which branches of the square roots should be chosen. 

We shall now compute out the correlation function for N external gravitationally 
dressed vertex operators. The correlation functions of the matter part are standard, 
so we concentrate on the evaluation of the Liouville correlation functions. To eval- 
uate the Liouville correlation functions, we follow the procedmx; of [5]. Wc split the 
Liouville field 4> as follows (6 = (6o + 93, where c6o is constant on the worldshect and 
If is orthogonal to constants. The integration splits accordingly, and the integral 
over (^0 may be carried out as follows 

The new Liouville action S'^ is obtained by setting = 0, and the variable s is a 
scaling dimension, defined by a, k, (3j and the genus of the worldsheet h as follows 

N 

as = ->,{l-h)-J20j (4) 

In general, s does not have to be integer, not even rational. The prescription of [5] 
is to proceed and carry out the functional integration over <^ as if s were an integer, 
and then later on continue in s. We are confident that this procedure is reliable in 
view of the semi-classical analysis carried out in the second reference of [5]. 

3. The High Energy Limit as a Problem in Electrostatics 

To tree level, the worldsheet topology is that of the sphere (or by stereographic 
projection, of the complex plane), there are no moduli, and all determinant factors 
are constants. The Green function is the electrostatic potential on the two dimen- 
sional plane, given by G{z,z') = — ln|2 — z'p. Tree-level non-critical amplitudes 
— evaluated for vertex operators that are exponentials only — then reduce to a 
simple multiple integral expression 

i=l u^y^nj J .^^ J p^^^^ 

i,j = l p<g 

(5) 

where Uij = —fiifij + ki ■ kj. The problem of evaluating correlation functions in 
non-critical string theory is seemingly reduced to the problem of computing a finite 
dimensional multiple integral with respect to Zi, Wa over the complex plane. Since s 
is not, in general, an integer however, the correlation function is not well defined as 
it stands. From the arguments presented in [5], it is clear that the original expression 
for the amplitudes is complex analytic in the external momenta and in the central 
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charge c, even though the intermediate expressions only make sense for integer s. 
Thus, the resuhs obtained for integer s wiU have to be analytically continued in 
s, which can be achieved through a combination of analytic continuation in the 
external momenta (just as in the critical string) and in the central charge c. 

For rational c < 1, and to string tree level, it was proposed in [5] to analytically 
continue in the variable s, using certain rearrangement formulas for ratios of Euler 
F-functions (that are specific to tree level). The validity of this procedure is justified, 
after the fact, since it produces agreement with results from matrix models. More 
importantly, agreement can be established from first principles, as was shown in 
the second reference in [5], using a saddle point approximation in the limit when 
a — > 0, i.e. when c oo. We shall take these analyticity properties as a definition 
for the amplitudes away from c < 1 and rational. 

For tree level amplitudes, the above multiple integrals are of the same type as 
those discussed by Selberg and in [6]. The 3-point function was obtained in their 
work for arbitrary parameters, but results on the 4-point function are limited to 
c < 1 conformal matter. In general, these integrals are not available in explicit 
form. 

We propose to evaluate the non-critical string correlation functions in the limit 
where the energies and momenta of the external string states all become large 
compared to the square root of the string tension. We shall define the high energy 
limit by rcscaling all momenta ki by a common factor X ^ oo. We have the 
asymptotic behavior ki — > Afc^, (3i — + ±A|A;i| +0(1). The scaling properties of other 
quantities are easily deduced from the above : Uij scales like A^, s scales like A^ 
while c and a scale like A*^. Notice that external vertex operators always remain 
conformally invariant under this scaling. 

To determine the high energy limit of the non-critical scattering amplitude, we 
begin by analyzing the high energy behavior of the electrostatic energy function £q 
corresponding to the correlation function of Eq. (||), defined by 

N N s s 

fo(-2j,Wp) = - ^ UyTn|zi-0jp+^^a/3jTn|zj-Wpp+ ^ a^ln|wp-w,p 

■i,i = l J — 1 P— 1 PiQ = l 

i<j p<q 

(6) 

From the expression for Eq, it can be readily shown that Eq scales like A^ for large 
A. This is manifest for the first term in Eq, but the next two terms also scale like A^ 
for large A. Although the couplings in the second term only scale linearly in A, the 
number of Liouville insertion points, s, grows like A. In the third term, the coupling 
a scales like A° = 1, but there are now Liouville insertion points, so again this 
term scales like A^. 

The next ingredient needed in the determination of the high energy limit of the 
non-critical scattering amplitudes is the degree of dependence of this limit on any 
specific matter conformal field theory. The most important simplification in this 
respect comes from the observation that the conformal primary fields Va involve 
and produce only polynomial dependence on the space-time momenta ki. Thus, 
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in the high energy Umit, where the contributions from the saddle point wiU be 
genericahy exponential (as we shall establish below) , we may neglect the polynomial 
contributions from the vertex functions Va- Thus, only the exponential vertex 
operator parts contribute to the high energy limit. 

The saddle point equations for the integral are just the equations for electrostatic 
equilibrium of the associated electrostatics problem. They are given by 

-yJ^ + Ly^^^o Ly^— + y^^ = o (7) 

Zi - Zj S Zi - Wp S Wp - Wq ^ Wp - Zj 

jV^ q=l 

Here, we have defined parameters = 2/3,;/(as) and &y = Uij/{as)'^ both of which 
scale like A*^ in the limit of large A. Also, each summation over the number of 
Liouville charges at Wp, p = 1, • • • , s has been divided by a factor of s, so that the 
entire equations scale like A° in the limit of large A. 

The variables Zi and Wp satisfy the same equation (|^), with Zi and Wp replaced 
by Zi and Wp respectively. When the charges Oi and bij are real, those respective 
equations are just the complex conjugates of one another. But when the charges 
and bij are taken to be complex, the equations are no longer complex conjugates of 
one another, and Zi and Wp at the saddle point are no longer the complex conjugates 
of Zi and Wp respectively. 

We wish to solve the equations (^) in the limit where s — > oo, while keeping 
Oi, bij and the number of vertex charges TV fixed. The most difficult part of this 
problem is the solution of the second equation, for the following reasons. Since the 
number of Liouville charges at Wp tends to oo, they must accumulate somewhere, 
possibly at infinity. A priori, the limiting distribution might correspond to two- 
dimensional regions of charge, to one-dimensional line segments, to isolated points, 
or even to more exotic arrangements of fractional dimension such as Cantor sets. 

We shall start by providing an answer to this question first, by carefully keeping 
the Liouville charges at Wp isolated, and taking the limit only when completely safe. 
In [1], we showed that this problem can be solved exactly in the case of the three 
point function with N = 3, and we found there that the Liouville charges accumulate 
onto a single line segment. More generally, we shall find that the Liouville charges 
accumulate onto a collection of iV — 2 curve segments. 

4. Solution of the Electrostatics Problem to Tree Level 

To study equation (|^) for general N, we make use of a complex potential W{z) for 
the charges Zi and re-express the equation (Q) for the Liouville charges at Wp as 

1 ' 1 1 ^"^ 

tE;^— r= 9^'(^f) ^^^^^ W{z)^-J2a,Hz,~z) (8) 

g = l f H ^ — Y 



This equation, for general W{z)^ is just the electrostatics condition for an assembly 
of s charges in the presence of an external potential W{^z) — given here by the 
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potential generated by the charges at Zi. We also introduce a complex analytic 
generating function defined by 

p— 1 ^ 

which, physically, is just the electric field produced by the Liouville charges at Wp. 
Its divergence is obtained by applying the Cauchy-Riemann operator, and yields 
the (two-dimensional) electric charge density with unit integral over the plane. 

One may re-express the set of s equations in terms of the following Riccati 
equation for uj{z) by introducing an auxiliary potential R{z) 

u\z)-^-.\z) + W\zMz)^\r{z)^0^ ^ 1 V (10) 



Up 



For general VF(z), it would not be possible to carry out the sum in the definition of 
R{z) in any simple way. When W{z) is a rational function of z however, as is the 
case here, R{z) is also rational, with poles at precisely the same locations as W{z): 



i—1 p— 1 ^ 

The fact that we have been able to determine the functional form of i?(z) explicitly, 
in terms of a finite number of parameters is perhaps the most important ingredient 
in our solution of the associated electrostatics problem. 

All that precedes is still an exact transcription of the electrostatics equations 
(^, valid for any finite number of Liouville charges at Wp. We shall now bring 
about one further simplification by using the approximation in which the number 
of charges s is large. (Recall that, in the original non-critical string problem, this 
limit corresponds to high energy of all external string states.) 

The potential W{z) is independent of s, while the electric field 0-!{z) and the 
auxiliary potential R{z) converge to finite limits as s ^ oo. Thus, the electrostatics 
equation for lu{z) of ( p^ ) can be simplified in this limit, as the term in uj'{z) is 
suppressed by a factor of 1/s and may be dropped. Instead of the Riccati equation 
of (p^), we obtain a quadratic equation which is easily solved. We obtain 

^(^) = I [~W'{z) ± y/W'Hz)-Riz)\ , (12) 

The sign in front of the square root should be chosen so that the poles in a;(z), 
located at the points Zi, are absent when the charges are all real and positive. 
Eq. ( p2| ) immediately determines the density of Liouville charges; since the solution 
uj{z) in ([l^ ) is holomorphic away from the possible poles at Zi, and away from the 
quadratic branch cuts arising from the square root, we see that the Liouville charge 
accumulate on the branch cuts of to. 
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The positions of the associated branch points are most easily exhibited by re- 
casting the sohition for uj{z) as follows : 

Af-l 

W'iz f - R{z) = Q2N~i{z) n - ^0"' (13) 

1=1 

Here, Q2N-i{z) is a polynomial in z, which is of degree 2N — 4, in view of the fact 
that the sum of all Ri vanishes. We find 

27V-4 N-l 

Q2N-i{z) = {a + 2f W(z-Xk) a=^a, (14) 

k=l 1=1 

The function uj{z) thus exhibits N — 2 branch cuts, Cp, spanned between pairs of 
branch points X2p-i and X2p, p = 1, • • • , iV — 2, of uj(z), which correspond to zeros 
of the polynomial Q2N-4:iz). 

Since the configuration of the Liouville charges at Wp is one-dimensional, it is 
convenient to introduce the linear density p{w), defined when w lies on C. 

p{w) = ^^R{w)-W'{wf (15) 

The requirement that C lie along branch cuts of lo does not determine the precise 
position of C. In fact, any analytic curve that joins pairs of branch points would do. 
From the fact that the Liouville charges at the points Wp are all of unit strength 
times 1/s, it follows that the charge density must be real and positive along C. This 
supplementary condition requires that the position of the branch cut C, supporting 
the Liouville charges at Wp, must be such that dwp{w) is real as w is varied along 
C. When a and Pi are real, this simply implies that the Liouville charges at Wp 
are concentrated on the real axis, as was expected. However, the above conditions 
also provide consistent prescriptions for the case when a. Pi as well as the external 
momenta, are analytically continued to complex values. 

It remains to clarify the physical significance of the constants Ri, which enter 
the function R{z) in ( [ll| ) and the polynomial Q2N-4{z) in ([l^), in the s — s- cx) limit. 
These relations are automatically satisfied by the construction of lo{z), as can be 
checked easily by taking the limit of (||) when z Zi. It thus appears that the A^ — 3 
independent parameters Ri, entering the solution of the second set of equations in 
(^ are undetermined by these equations. 

How can this indeterminacy be understood ? It is easiest to analyze first the 
case where all Zi, and all Ui are real. By construction, the Ri are then real, as 
can be seen from (pT]). When all a^, i — l,---,N —1 are positive, (and only 
the compensating charge at oo is negative) the possible locations for the Liouville 
charges are on the N — 2 line segments Cp, p = 1, • • • , A'' — 2, in between pairs of 
consecutive positive charges at Zi. However, exactly how the total Liouville charge 
(which is fixed to be 1) is partitioned among the N — 2 line segments is not a 
priori determined. Indeed, the positive Liouville charges cannot cross over from one 
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line segment into another, since crossing would involve passing through a charge 
configuration of infinite electrostatic energy when a Liouville charge is on top of a 
charge Zi. Thus, for any partition of the Liouville charges among the N—2 intervals, 
there must be an equilibrium configuration, and the N — 3 independent parameters 
Ri precisely specify the possible partitions of the Liouville charges over the N—2 
intervals. When the points Zi and the charges are allowed to be complex, the 
line segments on which the Liouville charges lie can move into the complex plane, 
but the counting is analogous. 

In fact, the values of the parameters Ri are determined by the first set of 
equations in (Q), which give the positions of the external vertex charges Zi, i = 
1, ■ ■ ■ , N — 1. In the high energy limit, where s — > oo, we have 

j=i * J 



Therefore, out of the original — 1 equations in ( 16 ) , two correspond to the asymp- 
totic conditions on uj{z), leaving A'^ — 3 equations. In view of the analysis of the 
previous paragraph, only A'^ — 3 real parameters amongst the — 3 complex Ri are 
determined by the electrostatics equations and the reality conditions, leaving N-3 
real parameters undetermined. 

5. High Energy Limit from the Electrostatic Energy 

The tree level correlation function, in the saddle point approximation, is 

1=1 ^ ' 

where all the quantities are to be evaluated at the saddle point. In particular, the 
electrostatic equilibrium energy is given in terms of p{w) and W{w) by 

So , , r , . ..... . 1 



^ ^ &y In ^ dwp{w){W{w)+W{w)}—^ j dvp{v) j dwp{w)\n\v—w\ 

(18) 



C JC 



First, the saddle point equations for Zi and Wp are the same as for the quantities 
Zi and Wp, even when the charges and 5^ are complex. Second, the integration 
measure dwp{w) must be real along the line segments of charge density. We see that, 
as a result, the entire electrostatic energy is a sum of a contribution from Zi and Wp 
on the one hand, and the same functional form, evaluated on Zi and Wp on the other 
hand. Thus, given the identity of the equations for barred and unbarred quantities, 
the electrostatic energy is just twice that evaluated on unbarred quantities only. 
This simplified expression for the electrostatic energy at equilibrium can be recast 
in terms of the holomorphic potential 

n{z)^ J dwp{w)ln{z-w) (19) 
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of the Liouville charges at Wp. This potential is the analogue of the potential W 
for the charges Zi, and its derivative is uj{z) = ^(z)' . In terms of this function, we 
may evaluate the electrostatic potential of the Wp-charges in a simplified way:^ 

„ JV-l N-l 

- = E " ^^■) " ^0 - E «'^(^') (20) 

These quantities are now all holomorphic, and as such will not be changed upon 
continuous changes in the curve C. Thus, any curve C, connecting the branch points 
can be used in the expression above, which greatly simplifies its calculability. 

In fact, it was further shown in [1] that the function f2 itself may be evaluated 
in terms of Abelian differentials. Let us simply quote the results : 

n(z)~n(zo) = } a.; In in / dwp(w) (21) 

Thus, the electrostatic energy at the saddle point is now computed completely in 
terms of Abelian integrals on the associated hyperelliptic surface. The three and 
four point functions may be worked out explicitly, and can be shown to exhibit 
exponential behavior in Uij ^ . 

1. K. Aoki and E. D'Hoker "Non-Critical Strings at High Energy", UCLA/96/TEP/27 
preprint, ^iep-th/960907E| 



E. D'Hoker, Lecture Notes on 2-D Quantum Gravity and Liouville Theory, in 
"Particle Physics Vl-th Jorge Andre Swieca Summer School", ed. O.J. P. Eboli, M. 
Gomes and A. Santoro, World Scientific Publishers, (1992); P. Ginsparg and G. Moore, 
Lectures on 2D Gravity and 2D String Theory, TASI Lecture Notes, TASI summer 
School 1992, Published i n Boulder TASI 1 992; F. David, Symplicial Quantum Gravity 



and Random Lattices, hep-th/9303127; "2-D Gravity in Non-Critical Strings", Dis- 
crete and Continuum Approaches, E. Abdalla, M.C.B. Abdalla, D. Dalmazi, A. Zadra, 
Springer- Verlag, Lecture Notes in Physics, 20, 1994 

J.-L. Gervais and A. Neveu, Phys. Lett. B123 (1983) 86; Nucl. Phys. B224 (1983) 
329; J.-L. Gervais and A. Neveu, Nucl. Phys. B238 (1984) 125; Comm. Math. Phys. 
100 (1985) 15; J.-L. Gervais and A. Neveu, Phys. Lett. B151 (1985) 271; Nucl. Phys. 
B264 (1986) 557; A. Bilal and J.-L. Gervais, Phys. Lett. B187 (1987) 39; Comm. 
Math. Phys. 100 (1985) 15 

D.J. Gross and P. Mende, Phys. Lett. B197 (1987) 129, Nucl. Phys. B303 (1988) 407; 
D.J. Gross, Phys. Rev. Lett. 60 (1988) 1229; D. Amati, M. Ciafaloni, G. Veneziano, 
Int. J. Mod. Phys. A3 (1988) 1615, Phys. Lett. 197B (1987) 81 

M. Gouhan and M. Li, Phys. Rev. Lett. 66 (1991) 2051; K. Aoki and E. D'Hoker, Mod. 
Phys. Lett. A3 (1992) 235 

Vl.S. Dotsenko and V.A. Fateev, Nucl. Phys. B240 (1984) 312, B251 (1985) 691 



